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Introduction 

There is a strong interest in the metric connections with totally skew- symmet- 
ric torsion (3- form). These connections arise in a natural way in theoretical and 
mathematical physics. For example, such a connection is of particular interest in 
string theory [T]. In mathematics this connection was used by Bismut to prove 
a local index theorem for non-Kahler Hermitian manifolds Such a connection 
is known as a KT-connection (Kahler with torsion) or a Bismut connection on 
an almost Hermitian manifold. The KT-geometry is a natural generalization of 
the Kahler geometry, since when the torsion is zero the KT-connection coincides 
with the Levi-Civita connection. According to Gauduchon [3l, on any Hermitian 
manifold, there exists a unique connection preserving the almost complex structure 
and the metric, whose torsion is totally skew-symmetric. 

There are lots of physical applications involving a Riemannian almost product 
manifold {M,P,g), i.e. a differentiable manifold A'l with an almost product struc- 
ture P and a Riemannian metric g. The goal of the present work is to study the 
linear connections on (M, P, g) with totally skew-symmetric torsion preserving the 
structures P and g. We use the notions of a Riemannian P -manifold, a Riemannian 
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P-tensor and a RPT- connection (Riemannian P- with torsion) as analogues of the 
notions of a Kahler tensor, a Kahler manifold and a KT-connection in Hermitian 
geometry. The point in question in this work is the determination of the class of 
manifolds admitting a RPT-connection, the uniqueness of the RPT-connection on 
such manifolds and the investigation of an example of such a connection. 

The present paper is organized as follows. In Sec.[l]we give necessary facts about 
Riemannian almost product manifolds. We recall facts about natural connections 
(i.e. connections preserving P and g) with torsion on Riemannian almost product 
manifolds. The main results are Theorem [5] and Theorem [6] in Sec. [2] We prove 
that a RPT-connection exists only on a Riemannian almost product manifold in 
the class W3 from the classification in [4]. This classification is made regarding 
the covariant derivatives of P with respect to the Levi-Civita connection V. We 
establish the presence of a unique RPT-connection V' which torsion is expressed 
by VP. We find a relation between the scalar curvatures for V and V and prove 
that they are equal if and only if (M, P, g) is a Riemannian P-manifold. In Sec. |3] 
we obtain a relation between the curvature tensors of V and V. It is a necessary 
and sufficient condition the curvature tensor of V to be a Riemannian P-tensor. 
In Sec. |4]we consider the case when the torsion of V' is parallel and its curvature 
tensor is a Riemannian P-tensor. In Sec. [5] we study the RPT-connection V' on an 
example of a Riemannian almost product Wa-manifold (G, P, g) constructed in [5] 
by a Lie group G. 

1. Preliminaries 

Let {M,P,g) be a Riemannian almost product manifold, i.e. a differentiable mani- 
fold M with a tensor field P of type (1,1) and a Riemannian metric g such that 

P'^x^x, g{Px,Py) g{x,y) 

for arbitrary x, y of the algebra X{M) of the smooth vector fields on M. Obviously 
g{Px, y) = g{x, Py) is valid. 

Further x,y,z,w will stand for arbitrary elements of X(M) or vectors in the 
tangent space TpM at p £ M. 

In this work we consider Riemannian almost product manifolds with trP = 0. 
In this case {M,P,g) is an even-dimensional manifold. If diuiM ~ 2n then the 
associated metric g of g, determined by g{x,y) = g{x,Py), is an indefinite metric 
of signature (n, n). 

The classification in [4] of Riemannian almost product manifolds is made with 
respect to the tensor F of type (0,3), defined by 

F{x,y,z)^g{{V,P)y,z), (1) 

where V is the Levi-Civita connection of g. The tensor F has the following prop- 
erties: 



F{x,y,z) F{x,z,y) ^ -F{x,Py,Pz), F{x,y,Pz) = ~F{x,Py,z). (2) 
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The basic classes of the classification in [J are Wi , W2 and W3 . Their intersection 
is the class Wo, determined by the condition = or equivalently VP = 0. A 
manifold {M,P,g) with VP = is called a Riemannian P -manifold in [6]. In this 
classification there are included the classes Wi © W2, Wi ® W3, W2 © W3 and the 
class Wi © © W3 of all Riemannian almost product manifolds. 

In the present work we consider manifolds of the class W3. This class is deter- 
mined by the condition 

e F{x,y,z) = 0, (3) 

x,y,z 

where &x,y,z is the cyclic sum by a;, y, z. This is the only class of the basic classes 
Wi, W2 and Ws, where each manifold (which is not a Riemannian P-manifold) has 
a non-integrable almost product structure P. This means that in VV3 the Nijenhuis 
tensor N, determined by 

N{x, y) = (V,P) Py - {VyP) Px + {V p^P) y - PyP) x, 

is non-zero. 

Further, the manifolds of the class W3 we call Riemannian almost product Ws- 
manifolds. 

A tensor L of type (0,4) with properties 

L{x, y, z, w) = -P(y, x, z, w) = ~L{x, y, w, z), (4) 
6 L{x,y,z,w) = 0, (5) 

x,y,z 

L{x,y, Pz, Pw) = L{x,y, z,w) (6) 

is called a Riemannian P -tensor [T]. 

As it is known the curvature tensor P of a Riemannian manifold with metric g is 
determined by R{x, y)z — S7x'^yZ—'S/y'S/xZ~'V[x,y]Z and the corresponding tensor of 
type (0, 4) is defined as follows R{x, y, z, w) = g{R{x, y)z, w). If the curvature tensor 
P on a Riemannian manifold (M, P, g) is a Riemannian P-tensor, then (M, P, g) is 
a Riemannian P-manifold. 

Let the components of the inverse matrix of g with respect to the basis {ci} of 
TpM be 5*^ . Then the quantities p and r, determined by p{y, z) = g^^R{ei, y, z, ej) 
and r = g^^ p{ei, Cj), are the Ricci tensor and the scalar curvature for V, respectively. 

The square norm of VP is defined by 

llVPf = g^^/^g ((Ve,P) efc, (Ve,P) e.) . (7) 

Obviously, \\VP\\ ^ is valid if and only if {M,P,g) is a Riemannian P-manifold. 

Let V' be a linear connection with a tensor Q of the transformation V — > V 
and a torsion T, i.e. 

V^y^Vxy + Q{x,y), T{x,y) = V'^y~V'yX~[x,y]. (8) 

The corresponding (0,3)-tensors are defined by 

Q(x, y, z) = g{Q{x, y),z), T{x, y, z) = g{T{x, y), z). 
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The symmetry of the Levi-Civita connection imphes 

T{x, y) = Q{x, y) - Q{y, x), T{x, y) = -T{y, x). 

A decomposition of the space T of the torsion tensors T of type (0,3) (i.e. 
T{x,y,z) = —T{y,x,z)) is vahd on a Riemannian almost product manifold 
{M,P,g): T = Ti ® T2 ® Ts ® Ta, where % {i ^ 1,2,3,4) are the invariant or- 
thogonal subspaces [5]. The projection operators pi of T in Ti are determined as 
follows: 

pi (x, y, z) = ^{2T{x, y, z) - T{y, z, x) - T{z, x, y) ~ T{Pz, x, Py) 

+ T{Py, z, Px) + r(z. Fx, Py) - 2T{Px, Py, z) 

+ T{Py, Pz, x) + T{Pz, Px, y) ~ T{y, Pz, Px)}, 

P2{x,y,z) = \{2T{x,y,z) + T{y,z,x) + T{z,x,y) + T{Pz,x,Py) 

8 (9) 

- T{Py, z, Px) - T{z, Px, Py) - 2T{Px, Py, z) 

- T{Py, Pz, x) - T{Pz, Px, y) + T{y, Pz, Px)], 
P3{x,y,z) = ^{T{x,y,z) + T{Px,Py,z) ~ T{Px,y,Pz) - T{x,Py,Pz)], 

Pi{x,y,z) = ^{T{x,y,z) + T{Px,Py,z) + T{Px,y,Pz) + T{x,Py,Pz)}. 

Definition 1 ([Sj). A linear connection V' on a Riemannian almost product man- 
ifold {M,P,g) is called a natural connection if VP = Vg = 0. 

If V is a linear connection with a tensor Q of the transformation V — V on a 
Riemannian almost product manifold, then it is a natural connection if and only if 
the following conditions are satisfied [8]: 

Fix, y, z) = Qix, y, Pz) - Q{x, Py, z), (10) 
Q{x,y,z) = -Q{x,z,y). 

Let $ be the (0,3)-tensor determined by 

^{x, y,z) ^ g (\'j;y ~ Vj^y, , 

where V is the Levi-Civita connection of the associated metric g. 

Theorem 2 ([8J). A linear connection with torsion T on a Riemannian almost 
product manifold [M, P, g) is natural if and only if 

4pi{x, y,z)^- ^{x, y, z) + $(y, z, x) - ^{x, Py, Pz) 
- $(y, Pz, Px) + 2$(z, Px, Py), 

ipsix, y, z) = -giN{x, y),z)^ -2 {$(z, Px, Py) + $(z, x, y)} . 
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□ 

Theorem 3 (l^Sj). For the torsion T of a natural connection on a Riemannian 
Ws-manifold {M,P,g) ^ Wq the following properties hold 

Pi =0, P3 ^ 0. 

□ 

2. RPT- Connection on a Riemannian Almost Product Manifold 

Let V' be a metric connection with totally skew-symmetric torsion T on a Rieman- 
nian manifold (Af, g). Since T is a 3-form, i.e. 

T{x,y,z) = -T{y,x,z) = ~T{x,z,y) = ~T{z,y,x), 

it is valid 

Q{x,y,z) = ^T(x,y,z). (11) 

Then we have 

9 C^xV: z)^ g [V^y, z) + ^T(x, y, z). 

The curvature tensors R and R' of V and V and the corresponding Ricci tensors 
p and p' are related via the formulae (see e.g. [9110) ): 

R{x, y, z, w) = R'{x, y, z,w) - ^ (V^T) (y, z,w) + ^ (^a^) i^^ ^> 

- ^.9 {T{x, y),T{z, w)) - icr^ {x, y, z, w)) , (12) 

piy, z) = p\y, z) - ig'^- (V^T) (y, z, e,) - ig'^g (T(e„ y), r(z, e,)) , (13) 

where is the 4-form determined by 

a^{x,y,z,w)) ^ 6 9 {T{x,y),T{z,w)) . (14) 

Since cr^ and T are forms then the scalar curvatures r and r' for V and V' satisfy 
the following relation 

r = r'- ^g'^g'^g (Tie,, e^), T(e„ e,)) ■ (15) 

Definition 4. A natural connection with totally skew- symmetric torsion on a Rie- 
mannian almost product manifold {M, P, g) is called a RPT-conncction. 

Theorem 5. // a Riemannian almost product manifold {M,P,g) admits a RPT- 
connection then {M,P,g) is a Riemannian almost product W^-manifold. 
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Proof. Let V' is a RPT-connection on a Riemannian almost product manifold 
{M, P, g). Since V is a natural connection then the tensor Q of the transformation 
V ^ V satisfies (|10p . which implies 

6 F{x,y,z)^ 6 {Q{x,v,Pz)^Q{x,Py,z)}. (16) 

x,y,z x,y,z 

According to (|lip . the tensor Q is also 3- form and then we have 

Qix,y,Pz)=Qiy,Pz,x). (17) 

We apply pT)) to and obtain the characteristic condition ^ for the class 
Ws. □ 

From ([TUI . pT|) and ([3]) we obtain the following properties of the torsion T of a 
RPT-connection: 

T{x, y, z) - T{Px, Py, z) - 2F{z, y, Px) 

= TiPx, y, Pz) - 2F{y, x, Pz) = T{x, Py, Pz) - 2F{x, Py, z). (18) 

Let us suppose that (M, P, g) is not a Riemannian P-manifold. The condition 
{M,P,g) ^ Wo, Theorem El ^ and (HH) imply the following properties: 

pi{x,y,z) = 0, 

P2{x,y,z) ^ F{z,x,Py) ^0, 

P3{x, y, z) = i{F(a:, y, Pz) + F(y, z, Px) - F{z, x, Py)} ^ 0, (19) 
P4(a:,2/,2) = T(a;,y,z) - i © F{x,y,Pz). 

x,y,z 

Theorem 6. On any Riemannian almost product Ws-manifold (M,P,g) ^ Wq 
there exists a unique RPT-connection V' which torsion is expressed by the tensor 
F. The following properties are valid for the torsion T of V; 

T e ® Ta, T ^ Ta, T^ 



T{x,y,z)^- & F{x,y,Pz). (20) 

Z x^y^z 

Proof. By (|19p we establish directly that a RPT-connection on a Riemannian 
almost product Ws-manifold {M,P,g) ^ Wq has a torsion T = p2 + ps + P4, i.e. 
T e 7^ ® 7^3 ® 74- Let us suppose that T = p2 + P4. Then (HH) and ([3|) imply 
F = 0, i.e. {M,P,g) G Wq which is a contradiction. Therefore T p2 + P4 holds. 
Analogously we establish that T p^ + P4. Consequently we obtain T ^ 72 © 71 
and T ^ 7^3 © 74- The condition T eT2®%, i.e. T = p2 + ps, according to (fTQ]) 
implies p4 = 0, which is (f20| . □ 
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Let V is the RPT-connection with torsion T determined by (|20l) . Then (ITT]) . 
(H]) and © imply 

Qix, 2/, ^) = - J {F{x, Py, z) - F{Px, y, z) - 2F{y, Px, z)} , (21) 
Q{x,y) = -i{(V,P)Pt/- (Vp,P)y-2(V^P)Px}. (22) 

Bearing in mind (fTTj) and (|22|) . we have 

Tix, y) = -i{(V,F) Py - {V p^P) y - 2 (V^P) Px}. 

According to ((T5|) . ([7]) and the latter equality, we obtain the following 

Proposition 7. T/ie scalar curvatures r and r' /or t/ie connections V anrf V on 
a Riemannian almost product 'W^-manifold {M,P,g) are related via the formula 

r = r' + ^\\VPf. 

□ 

Corollary 8. The scalar curvatures for the connections V and V' on a Rieman- 
nian almost product Ws-manifold {M,P,g) are equal if and only if {M,P,g) is a 
Riemannian P -manifold. □ 

2.1. A relation of the RPT-connection with other connections 

Now we will find the relation between the RPT-connection V' and other two char- 
acteristic natural connections on a Riemannian almost product Wa-manifold. 

The canonical connection V*^ on a Riemannian almost product manifold 
(M, P, g) is a natural connection introduced in [8] as an analogue of the Hermitian 
connection in Hermitian geometry ( |11|12|13] ). This connection on {M,P,g) 6 W3 
is studied in [5], where for the tensor Q*^ of the transformation V — ^ it is 
obtained 

Q^ix, y,z)^-l {F{y, Px, z) ~ F{Py, z) + 2F{x, Py, z)} . (23) 

The P-connection V''' on a Riemannian almost product manifold (M, P, g) is a 
natural connection introduced in [7] as an analogue of the first canonical connection 
of Lichnerowicz in Hermitian geometry ( [3114115] ) . In [7] this connection is studied 
on (M, P, g) 6 Wa, where for the tensor of the transformation V — > it is 
obtained 

Q''{x,y,z)^-]^F(x,Py,z). (24) 

Bearing in mind (HH), (gSl), (El, @ and ®, we get = i (Q<^ + Q) and 
therefore it is valid the following 
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Proposition 9. The P -connection on a Riemannian almost product W3- 
manifold [M, P, g) is the average connection of the canonical connection and 
the RPT- connection V', i.e. 

= i (V^ + V) . 

□ 

3. RPT-Connection with Riemannian P- Tensor of Curvature 

In the present section we discuss the case when the curvature tensor R' of the 
RPT-connection V' is a Riemannian P-tensor, i.e. R' has properties (HJ-®. 

Since the torsion T of V' and the quantity from ([T4| are forms, then by 
virtue of ([T2|) it follows that R' satisfies According to V'P = 0, property ([6]) is 
valid, too. Then, R' is a Riemannian P-tensor if and only if ([Sj holds for R' . 

Bearing in mind that ([5]) is satisfied for P, moreover T and ct^ are forms, then the 
following property is valid for a metric connection V' with totally skew-symmetric 
torsion T on a Riemannian manifold {M,g): 

6 R'ix,y,z,w)= & iV,T){y,z,w)+a'^ix,y,z,w). (25) 

x,y,z x^y.z 

Then, condition ([5]) for R' on a Riemannian almost product Wa-manifold (Af , P, 17) 
holds if and only if 

6 {V^T){y,z,w) + a^{x,y,z,w) = 0. (26) 

x,y,z 

Theorem 10. The RPT-connection V' on a Riemannian almost product W^-mani- 
fold (M, P, g) has a Riemannian P-tensor of curvature R' if and only if 

R{x,y,z,w) = R'{x,y,z,w) ~ ^g {T{x,y),T{z,w)) + -^a'^ {x,y, z,w). (27) 

Proof. Let the RPT-connection V' on (M, P, g) have a Riemannian P-tensor of 
curvature R' , i.e. (pS)) is valid. Since T and a'^ are forms, then the cyclic sum of 
(|26[) hy y, z, w implies 

3 (V^T) (y, 2, w) + 2 (V^T) (x, y,w) + 2 (V^T) (z, x, w) 

- 2 (VlT) (x, y, z) + 3a^(x, y, z, w) = 0. (28) 

From (|26t and ((28|) it follows immediately 

(V^T) (y, z, u.) - 2 {VlT) [x, y, z) + a^(x, y, z, u;) = 0, 

where by virtue of the substitution 2; o w we have 

(V^T) {x, y,z) -2 (V^T) (y, z, w) - (T^(a;, y, z, w) = 0. 

The latter two equalities imply 

{V,T){y,z,w)^-^a^{x,y,z,w) (29) 



Natural Connection with Totally Skew- Symmetric Torsion 9 



and then, according to p^ . we obtain (P7)) . 

Vice versa, let (j27p be satisfied. Then, bearing in mind the equahties 
& R{x,y,z,w) = and & a'^{x,y,z,w) = Sa"^ {x,y, z,w) for the 4-form cr-^, 

x,y,z x.y.z 

we establish that the cyclic sum of (|27|) by a;, y, z yields 6 R'{x,y,z,w) — 0. 
Therefore, R' is a Riemannian P-tensor. □ 

Since condition ((29)) is fulfilled for a Riemannian P-tensor R', then we have 
S''"' (^Ei^^) iVj^T^j) = 0- Hence, because of (fT3|) . we obtain 

Corollary 11. // f/ie RPT- connection V' on a Riemannian almost product W3- 
manifold {M, P, g) has a Riemannian P-tensor of curvature R' , then the Ricci ten- 
sors p and p' for V and V' are related via the formula 

p{y, z) = p'{y, z) - ^g'^g {T{ei, y), T{z, e^)) . 

□ 



4. RPT-Connection with Riemannian P- Tensor of Curvature and 
Parallel Torsion 

Let V' be a metric connection with totally skew-symmetric torsion T on a Rieman- 
nian manifold (Af, g). If T is parallel, i.e. VT = 0, then (I12p implies 

R{x, y, z, w) = R'{x, y, z, w) - ^g {T{x, y),T{z, w)) ~ ^cr'^{x, y, z, w). (30) 

Vice versa, if (|30l) is valid, because of (|12p and the totally skew-symmetry of T, 
then VT = holds. Therefore, relation ([50)) is a necessary and sufficient condition 
for a parallel torsion of V. 

Because of cr^ {x, y, z, w) = <J^ {z, w, x, y) and R{x, y, z, w) = R{z, w, x, y), rela- 
tion dSO]) yields 

R'(x,y,z,w) = R'{z,w,x,y). (31) 
Besides, if V'T = then (gS)) implies 

6 R'{x,y,z,w) ^ (j^{x,y,z,w). (32) 

x.y.z 

Now, let V' be the RPT-connection on a Riemannian almost product W3- 
manifold {M,P,g). Let us suppose that the torsion of V is parallel. Then pip 
is valid. Moreover, ([6]) holds because of VP = 0. Therefore, (|3T)) is equivalent to 

P'(Pa;, Py, Pz, Pw) = R'{x, y, z, w). (33) 

Equalities ([22]) and ([22]) imply 

[Px, Py, Pz, Pw) = cP" {x, y, z, w). 
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In addition to the above, let us suppose that the curvature tensor R' of the 
RPT-connection V' is a Riemannian P-tensor. Then (1^^ is vahd and because of 
V'T = the equahty cr^ = holds. Hence and 1^ we obtain the following 

Theorem 12. // the RPT-connection V' on a Riemannian almost product VV3- 
manifold (M, P, g) has a parallel torsion T and a Riemannian P-tensor 0/ curvature 
R' then 

R{x, y, z, w) = R'{x, y, z, w) - {T{x, y),T{z, w)) . 

□ 

5. An Example 

In the present section we study the RPT-connection V' on an example of a Rie- 
mannian almost product Ws-manifold constructed in [5] by a Lie group. 

5.1. The Riemannian almost product Ws-manifold {G,P,g) 

We will describe briefly the example of a Riemannian almost product Wa-manifold 
in[5]. 

Let G be a 4-dimensional real connected Lie group and g be its Lie algebra with 
a basis {^i}. By an introduction of a structure P and a left invariant metric g as 
follows 

PXi = X3, PX2 = X4, PX3 = Xi, PX4 = X2, 

g{X,,X,)^\l' (34) 

the manifold (G, P, g) becomes a Riemannian almost product manifold with trP = 
0. 

The setting of the condition for the associated metric g to be a Killing metric 
[IS], i.e. 

g{[X,,X,],PXk)+g[ [X, , Xk] , PX, ) = 0, (35) 

specializes (G, P, g) as a Riemannian almost product Ws-manifold and the Lie al- 
gebra Q is determined by the following equalities: 

[Xi,X2] = \lXi + A2X2, [Xi,X3] ~ A3X2 — A1X4, 

[Xi,X4] = — A3X1 — A2X4, [X2,X3] — A4X2 + A1X3, (36) 

[-^2,-^^4] = — A4X1 + A2X3, [X3,X4] — A3X3 + A4X4, 

where Ai, A2, A3, A4 e K. 

Further, (G, P, g) will stand for the Riemannian almost product Ws-manifold 
determined by conditions (|36l) . 
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In [5] there are computed the components with respect to the basis {Xi] of the 
tensor F, the Levi-Civita connection V, the covariant derivative VP, the curvature 
tensor i? of V. 

There are computed also the scalar curvature r for V and the square norm of 
VP: 

T^-\{\\ + \l + Xl + \l), \\VP\f = A{\\ + \l + \l + \l). (37) 
5.2. The RPT-connection V on {G,P,g) 

Further in our considerations we exclude the trivial case Ai = A2 = A3 = A4 = 0, 
i.e. the case of a Riemannian P-manifold {G,P,g). 

From Proposition [7] and (|57)) we obtain the following 

Proposition 13. The manifold (G, P, 5) has negative scalar curvatures with respect 
to the Levi-Civita connection V and the RPT-connection V, as 

t' = -4 (A? + A^ + A^ + A^) . 

□ 

The following proposition is useful for computation of the components of the 
RPT-connection and its torsion. 

Proposition 14. The RPT-connection V' on {G,P,g) and its torsion T satisfy 
the equalities: 

T{X,,Xj) = -[PX,,PXj] (38) 
V'x^X, = [X,,Xj] + P[X„ PX,]. (39) 

Proof. Because of the following equality is valid 

2g {Vx,X,,Xk) = g {[X,,X,],Xk) + g {[Xk,X,],X,) + g ([X^, X,], X,) . (40) 
Using (jiOl) and ([55]) . we obtain 

2g {^x^X,,Xk) = g {[X,,X,],Xk) + g (P[X„ PX,], X^) - g {P[PX,, X,],Xk) . 
Then we have 

2Vx^Xj = [X,, X.j\ + P[X„ PXj] - P[PX,, Xj]. (41) 

The equality (HTj) implies 

2Vx^PXj = [X,, PX,] + P[X,,X,] - P[PX,,PX.j\, 
2PVx,Xj = P[X,,Xj] + [X„PXj] - [PX„ X,]. 

We subtract the last two equalities, apply the formula for the covariant derivation 
of P and obtain 

2 (Vx.P) X, = -P[PX,, PX,] + \PX,,X,]. (42) 
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Let V be the RPT-connection on (G, P, g). By virtue of (HI]), ^ and dH]), we 
have 

4T(X„Xj,Xfe) - -5(3[PX„PX,] ~ P[X„PXj] 

-P[PX„X,]-[X„X,],Xfe). (43) 

According to we have 

[PX„ PXj] + P[PX„ X,] + P[X„PX,] + [X„ Xj] - 0. (44) 



Bearing in mind (gS]) and gl]), it follows ((38)) . 

From dHl), m]), dH]), dm) and dMl), we obtain dS3). □ 

Using dS3) and (|36l) . we obtain the following non-zero components Tijk = 
T{X,,Xj,Xk) of T: 

Pl34 = — Ai, 1234 = — A2, ri23 ~ —A3, T124 — — A4. (45) 

The rest of the non-zero components are obtained from d^5)) by the totally skew- 
symmetry of T. 

Combining dSH) and (15^ . we get the components V^.Xj of the RPT-connection 

V: 

^Xi^l — ^^X3^3 = — A1X2 + A3X4, 

^'X^-^^ — ~^'x4-^4: = A2X1 — A4X3, 

V^^X2 — — V^^X4 = AiXi — A3X3, 

^'xi^3 = -V^^Xi = A3X2 - A1X4, ^^g^ 
^Xi"''^4 ~ — V^^X2 = — A3X1 + A1X3, 
^'x2'^'^ ~ = — A2X2 + A4X4, 

V^^Xs = — V^^Xi = A4X2 — A2X4, 

V^^X4 = — V^^X2 = — A4X1 + A2X3. 

By virtue of dSH]) and dH]), we get the following non-zero components R'^jf^^ = 
R'{X„Xj,Xk, Xs) of the tensor R': 

^'1212 = -^1234 = A^ + A2, ^'1432 = ^'l414 = A2 + A§, 



234 — T ^2 J ^"-1432 — ^•'1414 — -'^2 ' ^3' 

-^3412 = -^^3434 — A3 + A4, -^2341 — ^2323 = A^ + A4, 

-^^1314 = ^1332 = ^2441 — ^2423 = A1A2 — A3A4, 

-^1321 = ^1343 — -^2421 — ^2443 — A1A4 — A2A3, 

p/ p/ p/ p/ p/ 

-"^1241 — ^1223 — ^2312 ^ ^2334 ~ ^1421 

= -^'1443 = -^3441 = ^3423 = + A2A4, 



(47) 



The rest of the non-zero components are obtained from (I47p by the properties 

^ijks ~ ^ksij ^l^'i ^'ijks — ~^jiks — ~^ijsk- 

Using (HSl) and (H51) . we compute the following non-zero components {^iT)j^^ = 
(V'^r) iX,,Xk,Xs) of V'T: 

(V'lT)i32 = (V'2r)i42 = (V^T)i34 = (V^r)234 = A1A4 - A2A3, 

(V1T),43 = (V'2r)234 = (VJ,T),23 = (V^r),42 = A1A2 - A3A4, (48) 

(v;r)234 = (V(,r)i42 = a? - Ai, (v^r)i43 = (v^r)i23 = Ai - Ai 
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The rest of the non-zero components are obtained from ([^5)) by the totally skew- 
symmetry of T. 

The exterior derivative dT of the totally skew-symmetric torsion T for the con- 
nection V on a Riemannian manifold (M, g) is given by the following formula (see 
e.g. m 

dT{x,y,z,w) = 6 (V^T) {y, z,w) - (V'^T) {x,y, z) + 2a'^ {x,y, z,w). 

x,y,z 

Then, using (gS]), gH) and ([HI), we compute that dT{Xi, Xj , Xk, Xs) = for all 
i,j,k,s. Therefore, the manifold {G,P,g) has a closed torsion 3-form T for the 
RPT-connection V. In this case we say that {G,P,g) has a strong RPT-structure 
by analogy with the Hermitian case. Therefore, we have the following 

Proposition 15. The manifold {G,P,g) has a strong RPT-structure. □ 

In the following theorem we prove that the necessary and sufhcient condition 
R' to be a Riemannian P-tensor and T to be parallel is one and the same. 

Theorem 16. Let V' be the RPT-connection with curvature tensor R' and torsion 
T on the manifold {G,P,g). Then the following conditions are equivalent: 

(i) R' is a Riemannian P -tensor; 
(a) T is parallel; 
(Hi) A3 = eAi, A4 — 6X2, e = ±1. 

Proof. As we have commented in Sec.[3l the RPT-connection V' has a Riemannian 
P-tensor of curvature R' if and only if ([5]) is valid for R' . By virtue of (j47|) we 
establish directly that R' satisfies ([5]) if and only if conditions (iii) hold, i. e. (i) and 
(iii) are equivalent. 

Using (|48|) . we obtain immediately the equivalence of V'T ~ and (iii), i.e. (ii) 
and (iii) are equivalent. □ 
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